By the "technique of length-decreasing variations," we mean a method used by Synge, Morse, Frankel, and many others. The method consists of showing that certain minimization problems in the theory of geodesies in the large, frequently associated with topological questions, cannot have a nontrivial solution by proving that any extremal for the problem has a variation into nearby curves of strictly smaller length. Thus, Synge [8] shows that an even-dimensional orientable compact manifold of positive sectional curvatures must be simply-connected.
Frankel [2] , [3] shows that two compact minimal hypersurfaces in a manifold of positive Ricci curvatures must intersect.
Morse [6] studies e.g. critical chords of submanifolds of Euclidean space.
In Part I, we study hypersurfaces in manifolds of positive Ricci curvatures.
Frankel [3] has shown that the fundamental groups of such manifolds are homomorphs of the fundamental groups of their minimal hypersurfaces.
We reprove this theorem by a slightly different method from that used by Frankel and generalize it by allowing the hypersurfaces to be not necessarily minimal. If suitable curvature hypotheses are satisfied, the fundamental group of the manifold is a homomorph of the fundamental group of a certain component of the complement of the hypersurface.
A precise statement of the result is given as Theorem 1.
Klingenberg has proved that under various hypotheses on the sectional curvatures, connectivity, and dimension of a manifold, its injectivity radii are ^7r (cf. [5] ). In Part II, we introduce the "thickness" of an embedded hypersurface, dual to the injectivity radius of a point, and show in Theorem 2 that, in a manifold of positive sectional curvatures bounded above by 1, the thickness of a separating totally geodesic hypersurface is =^7r/2. In case a separating hypersurface is not totally geodesic, we show in Theorem 3 that, in one of the components of its complement, it may have a collar neighborhood whose thickness can be explicitly estimated.
All manifolds will be smooth with a complete Riemannian metric. M will be a manifold of dimension » with a smoothly embedded hypersurface N. Let the metric on M be denoted by (•, •) and the asso- 
where V( is covariant differentiation along a, X is a vector field along or and normal to it, and K(X(t)) is the sectional curvature of the two- 
As a matter of notation, let 5v be the set of vector fields along a, normal to it, autoparallel, and unitary.
If XE%, (1) becomes
If Xi, ■ • • , Xn^iE$<, are mutually orthogonal, we obtain from (2):
where R(t) = (n-l)-1 X^ K(Xm(t)) is the Ricci curvature of M at cr(t). We note also that the first sum on the right side of (3) is the mean curvature of N at <r(b), with a similar interpretation for the second sum. First of all, suppose a: [a, b]->M to be a minimal TV-geodesic such that a(a) points "out of U" and 6-(b) points "into U." Let X\, ■ ■ ■ , X,_i6J, be mutually orthogonal. Apply (3) to these vector fields and notice that, because of the assumed orientations of 6(a) and a(b), the terms representing mean curvatures make a contribution 0. By the hypothesis on Ricci curvature, the integral is also <0, so '^lI<r(Xm) <0. It follows that Ia(Xm)< § for some m, so the Nvariation V(t, e) = exp"(t)[eXm(t)] is length-decreasing. Therefore, a could not be minimal. Now, suppose aETti(M, U) and let cEoc. It is easily seen that c is P-homotopic to a path-product oS\oS2 ■ ■ • Ok-iak, where each o->: [a,-, bi\->M is a minimal iV-geodesic intersecting N only at its endpoints, while 0,-: [&,-, a<+i]->M lies in N. By the argument given above, it is impossible that d\(a,) points "out of U" while <Xi(&;) points "into U," since <7, is to be minimal. Therefore, c lies in U, a is trivial and so in(M, U)=tti(M, U) is trivial, completing the proof. As particular cases of the hypotheses of Theorem 1, we can require N to be minimal (mean curvature = 0) or, more stringently, totally geodesic. A sufficient condition for N to have semidefinite mean curvatures is that the second fundamental form, itself, be semidefinite. Included here is the case where N is totally umbilical; that is, S, is a fixed multiple of the metric tensor when v of N varies within a given orientation.
Notice that, if N is minimal, the deformations in the proof can be used to retract all of c into N, so that we recover the principal theorem in Frankel [3] .
Let M be a compact 3-manifold with positive Ricci curvatures and suppose tti(M) cannot be generated by less than r elements. Suppose M= TiUT2, N=TiC\T2, is a decomposition of M into two solid tori Pi and T2, each bounded by the smooth surface N of genus g. If Pi, say, is a homeomorph of a "standard" solid torus, then wi(Ti) is a free group on g generators. Applying Theorem 1, we get Corollary 1. Let M be a compact 3-manifold with positive Ricci curvatures whose fundamental group cannot be generated by less than r elements and let T be a standard solid torus of genus g. If r> g, there is no smooth embedding of T into M such that the boundary of T becomes a surface of semidefinite mean curvatures and the interior of T goes onto the exterior of that surface.
II. Let M be complete and Riemannian and let A7 be a compact smooth hypersurface in M. The notations will be as in §1. If U(d) = {vENx | ||i>|| <S}, define the thickness of N to be tn = sup{5 | exp is one-to-one on U(S)}.
It is easy to see that either N has a focal point at distance tn or there are distinct, v, w£A7'"L(|[i;|| =||w|| = tn) such that exp v = exp w (cf. [10] ).
M. Berger [l] has given an extension of Rauch's Comparison
Theorem (cf. [7] ) which shows that, if M has positive sectional curvatures bounded above by 1 while N is totally geodesic, no focal points of N can be at distance less than w/2. We will show an even stronger result: tn^tt/2. Let XE$<t-Since iV is totally geodesic, S" = 0 for all vE^l1'. Therefore, by formula (2), K(X(t))dt < 0. Therefore, th^tt/2, as was to be shown. It might be conjectured that if, instead of N being totally geodesic, it were merely required that N have small normal curvatures, the conclusion of Theorem 2 would hold with 7r/2 replaced by a smaller lower bound for tn depending upon the normal curvatures of N, with this lower bound tending to 7r/2 as the normal curvatures tend to 0. This conjecture is false, as is shown by the following example, pointed out by Frankel.
Let M be a real projective w-space, supplied with the Riemannian metric of constant curvature 1. Let N be an (n-l)-dimensional projective hyperplane. Then, N is totally geodesic. Approximate N by the embedded sphere S(a) = {exp a^li'GSI'"1"}, where a is small. Then, the normal curvatures of Sa tend to 0 asa->0. But tS(<«) = 2a, which tends toward 0 and not 7r/2.
In this example, we notice that Sa bounds a disc Da and the pair (Da, Sa) is a manifold-with-boundary embedded in «-dimensional [April projective space. For topological reasons, Sa has a collar neighborhood in Da; that is, Sa has a neighborhood in Da homeomorphic to SaX [0, 1) . In this case, we can take the fibers of the collar neighborhood to be geodesies normal to Sa and of any length less than (t/2) -a. We can ask for a general estimate of the thickness of such a geodesic collar neighborhood. Proof. Let ®E3lL be the orientation of %± corresponding to L. Let 6(5) = {uv\0^u<8, vE®}, and let t<,l,n)= sup {5| exp is one-toone on 0(5)}. According to a generalization of Berger's Comparison Theorem due to F. Warner [9] , no geodesic normal to N and entering L can have a focal point for N until arc-length at least cot- Remarks, cot-1 A-»7r/2 as A-*0, so Theorem 2 is the limiting case of Theorem 3. The estimate tt/2 is best possible for Theorem 2 as is shown by the unit w-sphere with a unit (n -l)-sphere embedded as a totally geodesic submanifold.
